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4. The Maximum-Likelihood Method

*Basis
e Applications
¢ Relationship to the method of |east-squares

4. The Method of Maximum Likelihood

The method of maximum likelihood provides a basis for many of the techniques and
methods discussed in this course. The reasons are:

e The method has a good intuitive foundation. The underlying concept is that the best
estimate of a parameter is that giving the highest probability that the observed set of
measurements will be obtained.

e The least-squares method and various approaches to combining errors or calculating
weighted averages, etc., can be derived or justified in terms of the maximum likelihood
approach.

e The method is of sufficient generality that most problems are amenable to a
straightforward application of this method, even in cases where other techniques
become difficult. Inelegant but conceptually simple approaches often provide useful
results where there is no easy alternative.

a. Basis
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The method of maximum likelihood provides one solution to the problem of est: ation.

onsider a set of observations from a population with the probability distribution
function
The parameters in uence the distribution function, but are generally unknown. The
task of estimation is to determine functions of the observations to use as estimates of
the parameters
n esti ato of  can be any function used to estimate the true value of
the parameter . The sample mean and sample standard deviation are often used as

estimators of the true population mean and standard deviation, for example. esirable
characteristics of estimators are:

e bsence of iasin the estimator, defined as where  is the true value of
n example of a biased estimator is the use of the square root of the sample variance to
estimate the population standard deviation. The factor used to obtain
removes this bias.
e ow a tance defined as . The mean squared error
of the estimator is the sum of the variance and the square of the bias.
The probability of obtaining a set of observations from a population with
probability distribution function is the product of the probabilities of all the
observations:

This joint probability function is called the ¢ e7 oo and depends on the parameters
If the likelihood function is plotted as a function of for the case with a single parameter,

the resulting distribution will have a shape somewhat like ig. . . The value , for which
the likelihood reaches its maximum value, is the maximum-likelihood estimate for the
parameter

or numerical convenience, it is usually preferable to calculate instead the function
defined as

In

ecause is a monotonic function of , the maximum in will coincide with the
maximum in . owever, because the calculation of  involves a summation rather than
a product, there are computational advantages to the use of

In

In

The maximum-likelihood estimate of the parameters satisfies the simultaneous
equations

The maximum-likelihood estimator has several desirable properties:
. The estimator is e czent in the sense that there is no estimator with smaller variance.
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. The estimator approaches the true population parameter asymptotically as the number
of observations increases.

. The distribution of deviations of the estimator from the population parameter
approaches a normal distribution for large numbers of observations.

The aussian behavior of the likelihood function for large sample si es can be used

to determine the uncertainty in the maximum-likelihood estimate of . If the are
uncorrelated,

exp ———— exp
and

where and are constants. 1 erentiating  twice isolates
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It is often simplest to use . directly, rather than evaluate the second derivative in
, particularly when there is a single parameter to be determined. hen di ers from
by , the term on the right side of . decreases by from its maximum value, so
for uncorrelated errors an estimate of the standard deviation in the result can be found
by finding the deviation in  from  that causes  to reduce by
aximi ing  is equivalent to minimi ing the chisquare function, defined as

ecause increases by when  decreases by , the standard deviation in the estimate
of  can also be estimated from the deviation that causes unity increase in the chisquare.
In a case where the fit to the measurements is poor, perhaps because an inappropriate
distribution function was used, the likelihood will have a value much smaller than expected.
In that case, the estimates of uncertainty obtained from . . should not be used.
Instead, the proper conclusion is that the model used is inappropriate because it does not
provide an adequate fit to the observations. rroneously small estimates of uncertainty
limits sometimes arise from using . . when the fit is poor.

ications

eighted averages

If measurements are taken from a population with a aussian distribution, but
are made with varying measurement uncertainties , what is the best estimate of the
sample mean The likelihood function for this case is

— exp

and

constant

The maximum occurs for

or

This is a weighted average of the measurements, with weight factors inversely proportional
to the square of the uncertainty.
ecause

the estimated uncertainty in the weighted average, from . ,is
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ean of the oisson probability distribution function

ean of the binomial probability distribution function

The binomial distribution function describes the probability of observing events in
a given class out of  trials, when the population-average probability for the given class

of event is

If a trial is conducted and events are observed, what is the best estimate for the
parameter  The logarithm of the likelihood function for is

In In

The maximum likelihood occurs for

constant

Then

is the resulting maximum-likelihood estimator for
The uncertainty in can be found by use of

in

ote that the standard deviation in |

is smaller than

n example: itting to measurements
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aximum-likelihood estimation in cases with correlated errors

onsider the Taylor-series expansion of  about the maximum set of values for the
parameters, a

The second term on the right equals ero, because that is the condition for the validity of
the maximum-likelihood solution. The reason for expanding , rather than | is that the
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joint probability function can be approximated by a aussian distribution function and
gives a generali ed aussian form for

exp -

where exp , , and

The matrix is sometimes called the in 0 ation at ¢ and its inverse is the covariance
or error matrix discussed in hapter
or uncorrelated uctuations, the mixed derivatives of the likelihood function are ero
because the variation of with is not a function of if the two parameters are
independent. In this case, the likelihood function reduces to the product of two independent
aussian functions. owever, if the parameters are not independent, there are terms in
the resulting likelihood that depend on the mixed products of the uctuations e.g.,

exp

In all but degenerate cases, it is possible to transform the parameters into
new parameters that are independent or to diagonali e the error matrix . In the two-
dimensional case, consider a rotation by an angle so that new parameters and are
formed from the old parameters  and

Cos sin
sin Cos

ontours of constant probability, in terms of the new variables, are specified by the
equation
constant COS cos sin sin

sin cos sin cos
Ccos sin cos sin Ccos sin

This has the form of an ellipse, and an appropriate choice of can give the standard form
for an ellipse,

which does not involve cross-terms in  and . The required rotation can be found by
setting the coefficient of the cross product in .  to ero:

Ccos sin cos sin CoS sin

sin cos

tan
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In the transformed variables,

exp

and

The variables and are uncorrelated, so the appropriate standard deviation in the initial
parameters can be estimated from

cos sin
cos sin
cos sin
The procedure can be generali ed as follows. rite a a ,sothat
a exp —

Transform according to the rotation matrix , to new parameters

ecause the inverse of a rotation matrix is its transpose, . can be written
a exp —
exp — h
where
h

or appropriate choice of | h can be made a diagonal matrix. In that case, is the product
of independent aussian distributions with variances specified by the components
The variances in the initial variables can then be found in terms of the uncorrelated
variances in the variables

ut, from . |



3 Cate 4: e eto o ai i et 00

SO

This again shows the connection between , the information matrix, and the variances
and covariances of the observations.

ne approach to determining the errors in the multivariate case with correlated errors
is to determine the matrix by finding the second derivatives of , then invert to find
the error matrix. The elements of the error matrix then give the variances and covariances
for the parameters.

stimating exponential-decay time constants

xponentially decaying functions arise in many experimental situations, either because
of instrumental response characteristics or characteristics of the physical condition being
measured. ome examples are these:
e any thermometers respond to temperature change such that the di erence between
the measured and true temperature decays exponentially.
e ome observations of liquid water content in clouds appear to decrease exponentially
with time.
e The time intervals between randomly occurring events obey an exponential probability
distribution.

ecause these situations are so common, there is often a need to estimate the time constant
characteri ing the exponential decay from measurements i.e., to estimate in the formula

The maximum-likelihood method provides a straightforward approach to this prob-
lem. The approach will be illustrated by an example.

M L 4.2

—— exp
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4.2

C. ication to e e 1 enta esi n

common problem of experimental design is to determine in advance if a proposed
experimental configuration will be able to achieve a specified precision. In the preceding
sections experimental results were used to estimate errors in parameters. or experimental
design, it is useful to reformulate those expressions in ways suited to a 40 7 estimation
of experimental uncertainty.
The expectation value for an element of the information matrix is

If the observations are expected to occur according to some known probability distribution
function , this form may be reduced to a function of . or  observations,

In In

In

If the integration is performed before di erentiation in the last term, the integral is over
the probability distribution which must give a constant unity , so the last term in
vanishes. The expectation value for an element in the information matrix is then

In particular, for the case without correlations,
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ML 4.3

In In

In

In

eations 1 tote et o o easts a es

onsider a set of measurements at points , With varying measurement precision
ind the parameters in the function that are the best match to the

observations. The situation might be as shown in ig.

ssume that the measurements are distributed according to a aussian probability
distribution function . . Then the likelihood function is

—— exp
and
In —

where  is a constant not dependent on the parameters . The maximum-likelihood

solution is then equivalent to the solution that gives the minimum value for the sum
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V8!

This provides one justification for the east s a es method of the next section.
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