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3. Probability Distribution Functions
a. Introductory comment

The following sections discusses some probability distribution functions that apply to
common measurement situations. The concept of a probability distribution function was
discussed briefly in Chapter 2, as a normalized function whose integral gives the probability
corresponding to the space of integration. Although the material of this section is readily
available elsewhere, it is included here for review and reference. The probability function
also determines the expectation value of a function:

(@) = [ f@)9(x)d. (3.1)

The following are particularly important forms of the probability distribution function.



22 a ter 3: ro a 1ity ¢ tri ution wunction

au ian or norma di tri ution

This distribution occurs fre uently and has great generality. or large numbers of
events, it is the limiting form for many other distribution functions, and by virtue of the
central limit theorem it is the appropriate form for the sum of many variables even if those
variables individually follow other distributions. t is

1 (x )

(@ )=—F—ep —

The aussian distribution provides a realistic approximation to the distribution of
deviations in many experimental situations, especially for the central portion of the
deviations. The distribution function is plotted in ig. 3.1. The width of the distribution
is characterized by the standard deviation ., or sometimes by the full width at half
maximum, =23 . ee ig. 3.2 for examples with various widths.

(3.2)
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c. e inomia di tri ution

uppose that there is a probability that a particular event will occur, and therefore

a probability (1 ) that the event will not occur, in a given trial. n a set of  trials,
what is the probability that there will be events or example, the events might be coin
tosses where the event in uestion is heads with probability =1 2. A rst guess might
be¢( )= (1 ) , and this would be correct if the order of events were speci ed.
owever, if the order is not speci ed, there may be many di erent se uences that lead
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to the same mnal number of events, and the probability must correct for the multiple
ways that the nal number can be reached. The correction factor is called the binomial
coe cient, and the resulting probability distribution is the binomial distribution function:

( )= r ) (3.3)
where

- (3. )

igure 3.3 shows an example for 3 events and a probability =
The mean of the distribution is given by = , as can be demonstrated by integration
of the probability distribution function. The variance is given by

= (@ ) 3.)
igure 3.3 also shows a comparison between aussian and binomial distribution functions
having the same mean and standard deviation. or these conditions, the distribution
functions are almost indistinguishable.
The binomial distribution characterizes the probability of discrete events, while the
aussian distribution describes the probability of a continuously varying result. oth
distributions describe events that are independent. iolation of this assumption is a
common source of error. or example, if in 1  days rain is observed on days, one
might erroneously estimate that the standard deviation in the number of rain events is

T (. ).) . ecause rain events in most locations are highly correlated from
day to day, rain events cannot be treated as independent, and this use of the binomial
distribution would usually underestimate the true variability.
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d. ot on di tri ution

The oisson distribution applies to the number of randomly occurring and countable
events that occur in an interval. or example, the expected average rate  at which cloud
droplets are detected by an airborne counter is given by

= (3.)
where  is the sample area within which passing droplets are counted, the airspeed,
and the droplet concentration. owever, the droplets counted during any particular
interval will di er from  because only discrete and not fractional events can be counted,
and because statistical fluctuations will cause the number counted to vary from the true
population mean. The binomial distribution appears to be applicable, because it gives
the probability of seeing a given number if the probability is nown. owever, in this
case, the number of locations at which a droplet could be observed is in nitely large, and
the probability of an observation at each location in nitesimally small. The appropriate
distribution is therefore the limit of the binomial distribution as the number of possible
events approaches in nity while the probability of any speci ¢ event approaches zero,
maintaining the correct average number of events in a speci c¢ interval. This limit is the

oisson distribution function.
The oisson distribution function thus gives the probability of observing  discrete
events if the true mean is . t has the form

( )=— . (3 )
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The mean of this distribution is , and the variance is also . This is the source of the
common estimate that the standard deviation in a counted number of events is the s uare
root of the number counted. igure 3. shows that the distribution function, even for small
numbers of events, is similar to a aussian distribution.
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e. Student t di tri ution

uppose that a set of observations has mean Z. To test the hypothesis that this sample
came from a population with mean obeying a aussian distribution, we might try the
test statistic

8
8

- _- 3.)

where is the true standard deviation in x and = is the standard deviation in
the mean. owever, usually the true standard deviation for the population from which
the sample was collected is un nown. An estimator for |, calculated from the observations,
is

= — (x 7T) . (3.)

A candidate test statistic is thus

=X = (3.1)
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where = .

Although would obey a aussian distribution if the individual measurements entering
T do, will not be aussian distributed. nstead, the distribution in is determined by the
ratio of the aussian distribution to the s uare root of the chis uare distribution which
characterizes deviations of the sample estimate of the standard deviation from the true
standard deviation:

- (3.11)

where is distributed as (1) ( 1).
The distribution in can be derived from this ratio (as shown, e.g., in rownlee 1  ):
__ (=) —
( )= _7(_)(1 —) (3.12)

where is the number of degrees of freedom, which will be ( 1) in the case where 7 is
the average of independent measurements. The variance of the distribution is given by
= 3.13

; (3.13)

and for large numbers of degrees of freedom the distribution approaches a  aussian
distribution with this variance.

The t statistic supports a test of the hypothesis that the mean is without re uiring
that the true standard deviation be nown. nly the sample standard deviation is
needed. The change from a aussian distribution function is most signi cant for small
numbers of degrees of freedom. igure 2.1 showed the cumulative form of this distribution
function for various degrees of freedom and compared its shape to that of the aussian
distribution.

P 3.1
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on dence inter a

The distributions of the preceding sections are often used for inference. f the statistical
character of the observations re uires a particular distribution function, that function can
be used to estimate the probability that the true mean is greater than some limit  if the
observed mean is T.

irst, consider the direct probability uestion: f the true mean is and the true
standard deviation is , what is the probability that an observation will lie between x
and z The answer is

(x =z =z ):/ o(x)dx. (3.1)

ften, the integrals of probability functions do not have analytical forms. Tables of
cumulative values for the aussian distribution function and other standard forms are
available in statistical handboo s and other reference boo s (e.g., Abramowitz and tegun
1 2), and values are also available on may computer systems through mathematical
libraries. or example, igure 2.1 showed the probability of exceeding various deviations
for the aussian and tudent t distribution functions.

The in er e problem follows a similar procedure. f the experimentally determined
estimate of the mean is  and the estimate of the standard deviation is , the procedure of
the preceding paragraphs can be used to calculate the probability that a set of observations
will give a mean  when the true mean is . f the value of 1is determined for which the
observed mean T would be a deviation exceeded only with probability f, it is sometimes
said that there is only a probability f that the true mean exceeds the limit . The
wea nesses in this argument is that the true standard deviation is also un nown, and
the estimate of probability depends on nowledge of this true standard deviation. f the
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experimental estimate is used in place of |, this is not a true inverse procedure and can
lead to erroneous indications of con dence limits.
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